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Abstract
Quantum computation using qubits made of two component Bose-Einstein condensates (BECs)
is analysed. The use of BECs allows for an increase of energy scales via bosonic enhancement,
resulting in gate operations that can be performed at a macroscopically large energy scale. The
large energy scale of the gate operations results in quantum algorithms that may be executed at
a time reduced by a factor of N , where N is the number of bosons per qubit. The encoding of
the qubits allows for no intrinsic penalty on decoherence times. We illustrate the scheme by an
application to Deutsch’s and Grover’s algorithms.
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Recent advances in semiconductor technology has allowed the realization of single qubit
decoherence rates as small as ∼ 3 × 10−6 [5–7] in spin quantum dots. Such decoherence
rates are a result of the ability to optically control the qubit states using bright coherent
pulses, resulting in ultrafast picosecond gates. This allows for a vastly increased number of
gates allowable within a limited decoherence time T2. One of the key ingredients for the
success of these ultrafast gates originates from the effect of bosonic enhancement. The Rabi
frequency between two levels is given by Ω = µE/~, where µ is the optical transition dipole
matrix element and E is the electric field amplitude. Since E is typically a macroscopically
large quantity, in principle it is possible increase the energy scale (and thereby decrease
the time scale) of the single qubit gate by simply increasing the laser power. This bosonic
enhancement is ubiquitous in many areas of quantum optics and condensed matter physics,
in phenomena such as laser physics, resonance flourescence and Bose-Einstein condensation
(BEC), where quantum coherence is “amplified” when a large number of bosons are present
in the system. Our aim in this work is to bring quantum computation to a macroscopically
large energy scale, much in the same way that lasers bring the quantum coherence of light
to a macroscopic level.
Although the energy scale for single qubit rotations may be amplified in the way described
above, for two qubit gates, a straightforward extension of this idea is typically problematic.
For example, consider a two qubit gate connected via a photonic quantum bus [9, 10].
Introducing a large population of photons into the quantum bus typically results in additional
sources of decoherence, due to the leakage of the photons out of the system. Thus typically
very weak excitations are assumed in the quantum bus to minimize such effects. Here we
describe an alternate way of increasing the energy scale of the interactions between qubits
by populating each qubit with a large number of identical bosons. The large number of
bosons on each qubit possesses a bosonic enhancement that increases the energy scale of the
control Hamiltonian, which equates to faster control operations.
Consider a bosonic system with two independent degrees of freedom [1], such as two
hyperfine levels of an atomic Bose-Einstein condensate (BEC) or spin polarization states of
exciton-polaritons [3]. Such two component BECs have been realized and controlled in atom
chip systems, with the demonstration of spin squeezing [2]. Denote the bosonic annihilation
operators of the two states as a and b, obeying commutation relations [a, a†] = [b, b†] = 1
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FIG. 1: Two bosonic qubits mediated by a quantum bus. The quantum bus couples transitions
between levels bn and cn with energy g. Individual pulses coupling levels an and cn with frequency
Ωn create an adiabatic passage between levels an and bn.
[8]. We then encode each qubit in a state
|α, β〉〉 ≡ 1√
N !
(
αa† + βb†
)N |0〉, (1)
where α and β are arbitrary complex numbers satisfying |α|2 + |β|2 = 1 (double brackets
are used to denote the bosonic qubit states). We consider the boson number N = a†a+ b†b
to be a conserved number.
The state |α, β〉〉 can be manipulated using Schwinger boson (Stokes operators) operators
Sx = a†b+ b†a, Sy = −ia†b+ ib†a, Sz = a†a− b†b, which satisfy the usual spin commutation
relations [Si, Sj] = 2iǫijkSk, where ǫijk is the Levi-Civita antisymmetric tensor. In the spin
language, (1) forms a S = N/2 representation of the SU(2) group. Single qubit rotations can
be performed in a completely analogous fashion to regular qubits. For example, rotations
around the z-axis of the Bloch sphere can be peformed by an evolution
e−iS
zt|α, β〉〉 = 1√
N !
N∑
k=0
(
N
k
)
(αa†e−it)k(βb†eit)N−k|0〉
= |αe−it, βeit〉〉 (2)
Similar rotations may be performed around any axis by an application of
Hqub = n · S = nxSx + nySy + nzSz (3)
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where n = (nx, ny, nz) is a unit vector. Expectation values of the spin are exactly analogous
to that of a single spin, taking values
〈Sx〉 = N(α∗β + αβ∗)
〈Sy〉 = N(−iα∗β + iαβ∗)
〈Sz〉 = N(|α|2 − |β|2). (4)
The variance of the spins however diminish relative to the maximum amplitudes
(〈(Sz)2〉 − 〈Sz〉2)/N2 = 4|αβ|2/N (5)
in accordance to widespread notion that for N →∞ the spins approach classical variables.
Two qubit interactions can be performed using a generalization of the methods in Ref.
[10]. Consider an interaction Hamiltonian
Hbus =
ω0
2
∑
n=1,2
F zn + ωp
†p+ g
∑
n=1,2
[
F−n p
† + F+n p
]
, (6)
where F z = c†c− b†b, F+ = c†b, ω0 is the transition energy, and p is the photon annihilation
operator (we set ~ = 1). Assuming a large detuning ∆ = ω0 − ω ≫ g
√
N , we may
adiabatically eliminate the photons from the bus by assuming p†p = 0 and we obtain an
effective Hamiltonian Hbus ≈ g2∆
(
F+1 F
−
2 + F
−
1 F
+
2
)
. Now consider a further detuned single
qubit transition according to Hpul = Ω(t)
∑
n=1,2
[
c†nan +H.c
]
. After adiabatic elimination
of level c by assuming c†ncn = 0, we obtain
Hint ≈ g
2Ω(t)
∆2
(
S+1 S
−
2 + S
−
1 S
+
2
)
. (7)
The energy scale of the interaction term is then ∼ O(g2ΩN2/∆2), since the spin operators
themselves are of order Sz ∼ O(N). Therefore, by replacing the qubits by the collective
states (1) we have managed to create an interaction term with a boosted energy scale of
N2. We note that alternative ways of producing two-qubit interactions are also possible,
such as by using cold controlled collisions [11].
The consequence of the boosted energy scale of the interaction can be observed by ex-
amining explicitly the state evolution of two qubits. Before showing this, let us note here
that the combination of Hqub and Hint may be combined to form an arbitrary Hamiltonian
involving spin operators according to universality arguments [12]. By successive commuta-
tions an arbitrary product of spin Hamiltonians H =
∏M
n=1(S
α
n )
m(n) may be produced, where
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M is the total number of qubits, α = x, y, z, and m(n) = 0, 1. Using this fact, we consider
henceforth the interaction Hamiltonian Hint = S
z
1S
z
2 instead of (7), for the simplicity of the
analysis. As a simple illustration, let us perform the analogue of the maximally entangling
operation
e−iσ
z
1σ
z
2
pi
4 (| ↑〉+ | ↓〉)(| ↑〉+ | ↓〉) = |+ y〉| ↑〉+ | − y〉| ↓〉, (8)
where |±y〉 = e∓ipi4 | ↑〉+ e±ipi4 | ↓〉. Starting from two unentangled qubits, we may apply Hint
to obtain
e−iS
z
1S
z
2 t| 1√
2
,
1√
2
〉〉| 1√
2
,
1√
2
〉〉 = 1
N !2N
N∑
k1,k2=0
(
N
k1
)(
N
k2
)
(a†1)
k1(b†1)
N−k1(a†2)
k2(b†2)
N−k2e−i(N−2k1)(N−2k2)t|0〉
=
1√
2N
∑
k2
√(
N
k2
)
|e
i(N−2k2)t
√
2
,
e−i(N−2k2)t√
2
〉〉|k2〉, (9)
where in the second equality we have introduced eigenstates of the Sz operator |k〉 =
(a†)k(b†)N−k√
k!(N−k)! |0〉. For gate times equal to t = π/4N we obtain the analogous state to (8).
For example, projecting qubit 2 onto the maximum z eigenstates |k2 = 0, N〉 gives the
states | e±ipi/4√
2
, e
∓ipi/4√
2
〉〉, which is the analogue of a Bell state for the bosonic qubits.
A visualization of the state (9) is shown in Figure 2c. For each z-eigenstate on qubit
2, there is a state | ei(N−2k2)pi/4N√
2
, e
−i(N−2k2)pi/4N√
2
〉〉 on qubit 1 represented on the Bloch sphere
entangled with it. The states on qubit 1 are not orthonormal to each other except for the
extremal states | e±ipi/4√
2
, e
∓ipi/4√
2
〉〉, but the z-eigenstate on qubit 2 are of course orthonormal.
Thus the type of entangled state is a continuous verson of the original qubit sequence
(8), and has similarities to continuous variable formulations of quantum computing [14],
although the class of states that are used here are quite different. We note here that the
analogue of the CNOT gate can be produced by further evolving (9) with the Hamiltonian
H = NSz1 −NSz2 +N2 for a time t = π/4N which gives
1√
2N
∑
k2
√(
N
k2
)
|e
−ipik2/N
√
2
,
1√
2
〉〉|k2〉. (10)
Projecting onto the |k2 = 0, N〉 states, qubit 1 is left in the states | ± 1√2 , 1√2〉〉 which is a
CNOT operation with the target qubit in the x-basis for qubit 1.
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The crucial point to notice in (9) is that a gate time of t = π/4N was required to produce
this entangled state, in comparison to the standard qubit case of t = π/4. The reduced gate
time arises due to the boosted energy scale of the interaction Hamiltonian, which in turn is
due to bosonic amplification of the interaction. This has similarities with other proposals
for decreasing cooling times by bosonic final state stimulation [4].
Despite the widespread belief that for N → ∞ the spins approach classical variables
according to (5), the entangling operation (9) generates genuine entanglement between the
bosonic qubits. As a measure of the entanglement, we plot the von Neumann entropy
E = −Tr(ρ log2 ρ) [13] in Figure 2a. For the standard qubit case (N = 1), the entropy
reaches its maximal value at t = π/4 in accordance with (8). For the bosonic qubit case
there is an initial sharp rise, corresponding to the improvement in speed of the entangling
operation, but later saturates to a non-maximal value due to the presence of the binomial
factors in (9) biasing the states towards zero spin values. In Figure 2b we show the amount
of entanglement present at times t = π/4N , corresponding to the analogous state to (8).
We see that at such times there is approximately the same amount of entanglement as for
the N = 1 case as for large N , reinforcing the intuition that the e−iS
z
1S
z
2pi/4N gate gives the
bosonic analogy to the operation (8).
The purpose of boosting the energy scale of the Hamiltonian is defeated if decoherence
times also decrease when the number of bosons are increased. Naively one might guess that
a large number of bosons encoding a single qubit would be more susceptible to decoherence.
This is however is not necessarily always true. As a simple model of dephasing and particle
loss, consider the evolution of Lindblad form through the master equation
dρ
dt
= −Γ
∑
n
[An, [An, ρ]], (11)
where Γ is the dephasing rate, and An is the coupling operator to the environment, taken
to be Szn for dephasing and an, bn for particle loss. For a multiple qubit system, the infor-
mation in a general quantum state can be reconstructed by 4M − 1 expectation values of
(I1, S
x
1 , S
y
1 , S
z
1) ⊗ (I2, Sx2 , Sy2 , Sz2) · · · ⊗ (IM , SxM , SyM , SzM) [16]. For the bosonic system, there
are in general higher order correlations involving powers of operators beyond order one (e.g.
(Sxn)
2). However, since we perform the bosonic mapping in order to perform a simulation of
the qubit system, the presence of such expectation values are of no concern in our case.
Examining the dephasing of the general correlation 〈∏n Sα(n)n 〉 where α(n) = I, x, y, z,
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FIG. 2: a The entanglement normalized to the maximum entanglment (Emax = log2(N+1)) between
two bosonic qubits for the particle numbers as shown. b Entanglement at a time t = pi/4N for
various boson numbers N . c A schematic representation of the entangled state (9).
we obtain the evolution equation d〈∏n Sα(n)n 〉/dt = −4ΓK〈∏n Sα(n)n 〉, which has a solution
〈
∏
n
Sα(n)n 〉 ∝ exp[−4ΓKt]. (12)
Here K is a constant which is at most equal to M , depending the particular α(n) chosen.
This equation does not have any N dependence, and in fact behaves identically to the
qubit case (N = 1). Similar results hold for particle loss. Physically this difference is
due to the statistical independence of the dephasing and particle loss processes among the
bosons. Given a qubit algorithm intended for two-level qubits, how does this translate in
the bosonic system? We have found that for most applications, the procedure amounts
to: (i) finding the sequence of Hamiltonians required for the algorithm, (ii) making the
replacement σαn → NSαn , σαnσβm → SαnSβm, (iii) Evolving the same sequence of Hamiltonians
for a reduced time t→ t/N . This approach is reasonable from the point of view that we are
performing the same algorithm except that a higher representation of SU(2) is being used.
Let us illustrate this procedure with two well-known quantum algorithms with speedups
over classical algorithms.
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FIG. 3: a Schematic energy level structure of the Grover Hamiltonian. Rabi oscillations take place
between the initial x-eigenstate |X〉 and the solution state |ANS〉. b Rabi oscillations executed
by the Grover Hamiltonian for M = 2 for various boson numbers as shown.
Deutsch’s algorithm [13]. We reformulate the standard qubit version (N = 1) of the
algorithm in the following form convenient for our purposes. The oracle performing the
function |x〉|y〉 → |x〉|f(x) ⊕ y〉 is assumed to be one of the four Hamiltonians HD =
{0, 2σz2, σz1σz2 + σz2 − 1,−σz1σz2 + σz2 − 1} and evolved for a time t = π/4, which correspond to
the functions f(x) = {(0, 0), (1, 1), (0, 1), (1, 0)} respectively. The initial state is assumed to
be the state (↑ + ↓) ↑, and a measurement of qubit 1 in the x-basis distinguishes between
constant and balanced functions via the results (↑ + ↓) and (↑ − ↓) respectively.
This can be translated into the corresponding algorithm for bosonic qubits according to
the following procedure. The oracle is assumed to be one of the following Hamiltonians
HD = {0, 2NSz2 , Sz1Sz2 +NSz2 −N2,−Sz1Sz2 +NSz2 −N2}, and we prepare the initial state as
| 1√
2
, 1√
2
〉〉|1, 0〉〉. After evolving the Hamiltonians for a time t = π/4N , we obtain (up to an
overall phase)
e−iHDpi/4N | 1√
2
,
1√
2
〉〉|1, 0〉〉 = | 1√
2
,± 1√
2
〉〉|1, 0〉〉, (13)
where + is obtained for the constant cases and − for the balanced cases. A measurement
of qubit 1 distinguishes the constant and balanced cases with one evaluation of the oracle.
Grover’s algorithm. We use the continuous time formulation of the Grover search al-
gorithm (see sec. 6.2 of Ref. [13]). For the standard qubit case (N = 1), a Hamiltonian
HG = |X〉〈X|+|ANS〉〈ANS| is applied to an initial state |X〉. Here, |X〉 is the σxn = 1 eigen-
state of all the qubits and |ANS〉 is the solution state. Under this Hamiltonian evolution,
the system executes Rabi oscillations between |X〉 and |ANS〉 with a period of t = π
√
2M
where M is the number of qubits.
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The bosonic version of the algorithm can be constructed by first writing the projection
operators in H as spin operators and following the prescription as described above:
HG = N
2
M∏
n=1
1
2
[
1 +
Sxn
N
]
+N2
M∏
n=1
1
2
[
1 +
Szn
N
]
, (14)
where we assumed that the solution state is {σzn = 1} with no loss of generality. The factor
of N2 ensures that the energy scale of all terms in the Hamiltonian are of order ∼ N2, which
can be executed using the quantum bus methods as described above. The bosonic qubits are
prepared in the state |X〉 =∏Mn=1 | 1√2 , 1√2〉〉n and evolved in time by applying H . The system
then executes Rabi oscillations between the initial state |X〉 and the solution state |ANS〉.
The time required for reaching the solution state can be estimated from the the period of
the Rabi oscillations. For a system undergoing Rabi oscillations of a form 〈Sz〉/N = sin2 ωt,
the frequency can be estimated by ω =
√
d2〈Sz(t=0)〉
dt2
/2N . Evaluating the second derivative
in the Heisenberg picture gives d
2〈Szn/N〉
dt2
= −〈[HG, [HG, Szn/N ]]〉 = 2N2/2M , corresponding to
a evolution time of t ∼
√
2M/N . The bosonic version of the algorithm has the same square
root scaling with the number of sites, but with a further speedup of N , resulting from the
ultrafast gates made possible by the use of bosonic qubits. A numerical calculation for a
simple two site case is shown in Figure 3b, which clearly shows the factor of N improvement
in speed of the Grover algorithm.
In conclusion, we have found that using qubits made of bosons occupying two level
systems connected by a quantum bus can realize two qubit gates at a boosted energy scale
of factor N2 with no penalty on decoherence times. This allows for gate times to be reduced
by a factor N , resulting in many more quantum operations in a given decoherence time.
The most likely realization of such two level bosonic systems are in BECs which can be
manipulated using optical transitions. Our scheme differs from previous proposals of using
BECs as qubits in the way the states are encoded in the bosons. Unlike previous proposals
[15] where fragile Schrodinger cat-like states are used, the encoding presented here is robust
against decoherence. For unitary rotations, there is a simple mapping connecting standard
qubits to the bosonic qubit states, giving an equivalent operation. We leave applications
including non-unitary operations such as quantum teleportation as future work.
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